Abstract. Let (A, m) be a complete equicharacteristic Noetherian domain of dimension d + 1 ≥ 2. Assume k = A/m has characteristic zero and that A is not a regular local ring. Let Sing(A) the singular locus of A be defined by an ideal J in A. Note J = 0. Let f ∈ J with f = 0. Set R = A f . Then R is a regular domain of dimension d. We show R contains naturally a field ℓ ∼ = k((X)). Let g be the set of ℓ-linear derivations of R and let D(R) be the subring of Hom ℓ (R, R) generated by g and the multiplication operators defined by elements in the ring R. We show that D(R), the ring of ℓ-linear differential operators on R, is a left, right Noetherian ring of global dimension d. This enables us to prove Lyubeznik's conjecture on R modulo a conjecture on roots of Bernstein-Sato polynomials over power series rings.
introduction
Let K be a field of characteristic zero and let R be a commutative Noetherian domain containing K as a subring. Let g be the set of K-linear derivations of R and let D(R) be the subring of Hom K (R, R) generated by g and the multiplication operators defined by elements in the ring R. The ring D(R) is called the ring of K-linear differential operators on R. In general D(R) does not have good properties. However in the following cases it is known that D(R) is both left and right Noetherian with finite global dimension:
(1) R = K[X 1 , . . . , X n ]. In this case D(R) = A n (K) the n th -Weyl algebra over K. We have global dimension of D(R) is equal to n, see [ . . , z n } be the local ring of convergent power series in nvariables. In this case global dimension of D(R) is equal to n, see [3, p. 197] . In this paper we describe a new vast class of Noetherian domains R with D(R) both left and right Noetherian and with finite global dimension. regular local ring. Let Sing(A) the singular locus of A be defined by an ideal J in A. Note J = 0. Let f ∈ J with f = 0. Set R = A f . Then R is a regular domain of dimension d. In 2.2 we show that R contains naturally a field ℓ ∼ = k((X)). Let g be the set of ℓ-linear derivations of R and let D(R) be the subring of Hom ℓ (R, R) generated by g and the multiplication operators defined by elements in the ring R. The main result of this paper is Theorem 1.2. [ with hypotheses as in 1.1] The ring D(R) is a left, right Noetherian ring of global dimension d.
Application:
Lyubeznik conjectured, see [10] , that if S is a regular ring and I is an ideal in S then for any i ≥ 0 the set Ass S H i I (S) is finite. This conjecture is known to be true in the following cases:
(1) S contains a field K with char K = p > 0, see [7] . (2) S is local and containing a field K with char K = 0, see [9] . (3) S is a regular affine K-algebra (here char K = 0), see [9] . (4) S is an unramifed regular local ring, see [11] . (5) S is a smooth Z-algebra, see [2] .
However none of the techniques used to prove the above results can be used to verify Lyubeznik's conjecture for rings R as given in 1.1. We show that Theorem 1.2 and an affirmative answer to a question regarding Bernstein-Sato polynomials of a formal power series (see 5.7 and 5.8) enables us to verify Lyubeznik's conjecture in this case.
Here is an overview of the contents of the paper. In section two we discuss some preliminaries that we need. In section three we discuss our result on ranks of certain modules of derivations. The main result in this section is Theorem 3.3. We prove Theorem 1.2 in section four. In the next section we give an application of our result to Lyubeznik's conjecture. Finally in section we give bountiful number of examples of regular rings satisfying our hypothesis 1.1.
Some preliminaries
Let (A, m) be a complete equicharacteristic Noetherian domain of dimension d + 1 ≥ 2. Assume k = A/m has characteristic zero and that A is not a regular local ring. Let Sing(A) the singular locus of A be defined by an ideal J in A. Note J = 0. Let f ∈ J with f = 0. Set R = A f . Then R is a regular domain of dimension d. In this section we prove some preliminary facts about R and A. We note that A contains a field isomorphic to k. For convenience we also denote it with k.
We first prove Proposition 2.1.
[ with hypotheses as above.] Let n be a maximal ideal in R.
Then n = qR where q is a prime ideal of height d in A. In particular dim R = d.
Proof. Note f / ∈ q. Suppose if possible height q ≤ d − 1. As A is complete it is catenary. So height(m/q) ≥ 2. In particular dim A/q ≥ 2. The image of f is non-zero in A/q. It is elementary to see that A/q has infinitely many prime ideals of height one. We can choose one, say P = P/q not containing f . Thus P is a prime ideal in A not containing f and P strictly contains q. It follows that n = qR is not a maximal ideal of R, a contradiction.
Consider the map φ : k[[X]]
→ A which maps k identically to k and X to f . As A is a domain it is clear that φ is an injective map. Inverting X we get a map ψ : k((X)) → A X . It is clear that A X = A f = R. Thus R naturally contains a field ℓ ∼ = k((X)). We also note that image
The following is a crucial ingredient to prove Theorem 1.2.
Lemma 2.3. Let n be a maximal ideal of R. Then R/n is a finite extension of ℓ.
Proof. By Proposition 2.1 we get that n = qR where q is a prime ideal of height
Thus T is seperated with respect to (X)-topology of S. It follows that T is a finite S-module, see [12, Theorem 8.4] . Therefore the quotient field of A/q will be a finite extension of quotient field of S. The result follows.
We will use the next result in the next section. Proof. (1) and (2) . As A is a domain we get that height(f ) = 1. Now suppose y 1 , . . . , y j is already chosen where 0 ≤ j < d. We choose y j+1 as follows: (a) Let P 1 , . . . , P s be all the minimal primes of (f, y 1 , . . . , y j ) of height j + 1. We claim that q P i for all i = 1, . . . , s. We have to consider two cases: case (i) : j ≤ d − 2. Then as height P i < d for all i, we get the result. case(ii): j = d − 1. If q ⊆ P i for some i then as both these prime ideals have height d we get q = P i . We then get f ∈ q, a contradiction.
(
Then J ⊆ q. We claim that q J. If this is so we get q = J and therefore qA q = (y 1 , . . . , y j )A q +q 2 A q and so by Nakayama's Lemma qA q = (y 1 , . . . , y j )A q .
This implies that dim A q ≤ j < d, a contradiction. By prime avoidance there exists
. Then note that y 1 , . . . , y j+1 satisfies the conditions of (1) and (2) .
(3) This follows since by (1) we have height(f, y 1 , . . . ,
As A q is a regular local ring of dimension d we get that qA q /q 2 A q is a d-dimensional κ(q)-vector space. The result follows from (2).
ranks of modules of derivations
Let T, S be commutative Noetherian rings. Assume S is a T -algebra. Let Der T (S) denote the set of T -linear derivations on S. The S-module Der T (S) need not be finitely generated. However there are many natural instances where it is so.
3.1. Our setup in this section will be as in 1.1. Let us recall it here. Let (A, m) be a complete equicharacteristic Noetherian domain of dimension d + 1 ≥ 2. Assume k = A/m has characteristic zero and that A is not a regular local ring. Let Sing(A) the singular locus of A be defined by an ideal J in A. Note J = 0. Let f ∈ J with f = 0. Set R = A f . Then R is a regular domain of dimension d. We note that A contains a field isomorphic to k. For convenience we also denote it with k. By 2.2 R contains a field ℓ isomorphic to k((X)). Furthermore by 2.3 if n is a maximal ideal of R then the field R/n is a finite extension of ℓ. Also if n = qR is a maximal ideal of R with q a prime ideal in A then height q = d, see 2.1.
We first prove:
[ with hypotheses as in 3.
1.] The A-module Der k (A) is finitely generated with rank = d + 1.
Proof. By [12, Theorem 30.7] , Der k (A) is a finitely generated A-module of rank
Let T be a finitely generated A-module. By equation (6) in Theorem 25.2 of [12] we get an exact sequence of A-modules
We note that Der k (Q, T ) ∼ = T n . Set T = A in the above equation
We localize the above equation at (0). We note that (q/q 2 ) (0) ∼ = qQ q /q 2 Q q ∼ = κ(q) r , here κ(q) is the residue field of Q q (this is so as Q q is a regular local ring of dimension r). Note κ(q) is also the quotient field of A. So we have an exact sequence
Therefore rank Der
The following is the main result of this section:
(with hypotheses as in 3.1.) Let T be the subring
We will need the following two easily proved facts:
Let T be an S-module, not necessarily finitely generated, such that T is complete with respect to (X 1 , . . . , X n )-adic topology. Then Der K (S, T ) ∼ = T n .
Fact 2:
Let R ⊆ S be an inclusion of Noetherian domains. Let I be an ideal in R such that R is complete with respect to I-adic topology. Let J be an ideal in S such that S is complete with respect to J-adic topology. Assume IS ⊆ J. Let {r n } be a convergent sequence in R (in the I-adic topology) with r n → r. Then {r n } considered as a sequence in S is convergent in the J-adic topology and {r n } converges to r in S.
We now give
Proof of Theorem 3.3.
(1) Consider the inclusion of rings k ⊆ T ⊆ A. By equation (3) in Theorem 25.1 of [12] , for any A-module W we have the following exact sequence of A-modules
As A is complete with respect to m-adic topology it is also complete with respect to (f )-adic topology. So Der k (T, A) ∼ = A, see 3.4. By Proposition 3.2 we get that Der k (A) is finitely generated as an A-module and rank Der k (A) = d + 1. The result follows from (3.5.1).
We need some work to prove the remaining assertions:
are not yet asserting that Der ℓ (R) is finitely generated as a R-module. Remark: Let L be the quotient field of R. By the rank of a not-necessarily finitely generated R-module M , we mean the cardinality of a basis of the
and f is invertible in R. Let D ∈ Der T (R). We assert that it is ℓ = k((f ))-linear. To see this let v = 1 f i r for some i ≥ 1 and r ∈ R.
Any ξ ∈ ℓ \ T is of the form t/f i where t ∈ T and i ≥ 1. By the previous argument we get that D(ξr) = ξD(r) for any r ∈ R. Thus D is ℓ-linear. Now let n be a maximal ideal of R. Say n = qR where q is a prime ideal in A of height d and f / ∈ q. By Lemma 2.4 there exists y 1 , . . . , y d ∈ q such that f, y 1 , . . . , y d is a system of parameters of A and (y 1 , . . . ,
Also note that A is finitely generated as a V -module.
Claim-2:
(In particular δ 1 , . . . , δ d generate Der ℓ (R n ) as a R n -module).
We note that (Der ℓ (R)) n ⊆ Der ℓ (R n ). By Claim 1: we get rank Der ℓ (R n ) ≥ d as a R n -module. Using [12, Theorem 30.7] and Lemma 2.3 we get that rank Der ℓ (R n ) ≤ d as a R n -module. So rank Der ℓ (R n ) = d. Set z i = image of y i in A q . As R n = A q is regular local and z 1 , . . . , z d is a regular system of parameters of A q , by [12, Theorem 30 .6] we get that There also exists δ i ∈ Der ℓ (R n ) such that
The result follows since as A is a domain we get A ⊆ A q . By an argument similar to that in Claim 1 we get Der T (A) q ⊆ Der ℓ (A) q . More is true. In fact we Claim-3:
We prove it for i = 1. The argument for i > 1 is similar. Set W = T [y 1 , . . . ,
We now Claim-4: δ 1 (V ) ⊆ V . Assume the claim for the moment. Now A is finitely generated as a V -module.
We now give a proof of Claim 4:
(Recall that z i is the image of y i in A q ). Furthermore δ 1 extents to a K-linear derivation on A q and it is in fact differentiation with respect to z 1 .
We now note that we have an inclusion of rings
Furthermore V is complete with respect to I = (y 1 , . . . , y d ) and
Notice ξ n ∈ W and ξ n → ξ in V (with respect to the I-adic topology on V ). Set .
We note that η n → η in V . By 3.5 we get that ξ n → ξ in A q . As δ 1 is continuous with respect to q A q -adic topology in A q we get that δ 1 (ξ n ) → δ 1 (ξ). Notice δ 1 (ξ n ) = η n . It follows (using 3.5) that δ 1 (ξ) = η. Thus δ 1 (V ) ⊆ V and we have proved Claim 4.
(2) We have an inclusion of R-modules Der T (A) f ⊆ Der ℓ (R). If n = qR is a maximal ideal in R (where q is a height d prime ideal in A and f / ∈ q) then we have Der ℓ (R) n ⊆ Der ℓ (R n ). Note R n = A q and by Claim 3 we have that Der T (A) q = Der ℓ (A q ). In particular we have (Der T (A) f ) n = (Der ℓ (R)) n for every maximal ideal n of R. Therefore Der T (A) f = Der ℓ (R).
(3) (a). This follows from (2) and Claim 3. (3)(b) . This follows from Claim 2 and 3(a).
(4). This follows from (3).
Proof of Theorem 1.2
In this section we prove our main Theorem. Let us first recall a result from the influential book [3] .
4.1.
Let K be a field of characteristic zero and let R be a commutative Noetherian domain containing K as a subring. Let g be the set of K-linear derivations of R and let D(R) be the subring of Hom K (R, R) generated by g and the multiplication operators defined by elements in the ring R.
Let m be a maximal ideal of R. If δ ∈ g then δ(m 2 ) ⊆ m and so δ induces a R/m-linear map from m/m 2 to R/m which is called the tangent map of δ at m. We say that g has maximal rank at m if every R/m linear map from m/m 2 to R/m is the tangent map of some δ ∈ g. Now consider the following conditions:
(1) g has maximal rank at every maximal ideal in R.
(2) There exists an integer n such that dim R/m m/m 2 ≤ n for all maximal ideals m of R and equality holds for some m. Remark 4.3. Only condition (4) above is difficult to verify. However it is used only to prove g is finitely generated as a R-module. Thus if we can independently verify that g is a finitely generated R-module then in Theorem 4.2 all we need is conditions (1)-(3).
We now give
Proof of Theorem 1.2. By Theorem 3.3 we get that g = Der ℓ (R) is finitely generated as a R-module. Thus by Remark 4.3 we only need to verify conditions (1)- (3) above. By Proposition 2.1 we get that dim R/n n/n 2 = d for each maximal ideal of n of R. Also by Lemma 2.3 we get that R/n is a finite extension of ℓ for each maximal ideal n of R. Thus we have verified conditions (2) and (3).
Let n be a maximal ideal of R. Then by Theorem 3.3 we get that Der ℓ (R) n = Der ℓ (R n ). Again by Theorem 3.3 we get that Der ℓ (R n ) is a free R n -module of rank d. Furthermore by (3.5.2) there exists a regular system of parameters z 1 , . . . , z d of
We note that z 1 + n 2 , . . . , z d + n 2 is a basis of the R/n-vector space n/n 2 . As Der ℓ (R) n = Der ℓ (R n ) there exists D i ∈ Der ℓ (R) and s i / ∈ m such that δ i = D i /s i for i = 1, . . . , d. Let s i denote the image of s i in R/n. Note s i = 0 for all i. Thus by (4.3.3) we get
It is now elementary to show that g has maximal rank at n. Thus we have verified (1) . The result now follows from Theorem 4.2.
We now ask: 
Lyubeznik's conjecture for rings considered in this paper
Let R be the regular domain as in 1.1 and let D(R) be the ring of ℓ-linear differential operators on R. We first show that if Question 5.2 has an affirmative answer then Lyubeznik's conjecture holds for R. We then show that a positive answer to a question on Bernstein Sato polynomials of power series will enable us to solve Question 5.2.
5.1.
We note that R can be considered both as a subring of D(R) and also as a D(R)-module. Furthermore it is clear that R is finitely generated as a D(R)-module. Let h ∈ R with h = 0. The usual arguments yield that R h is a D(R)-module. We ask We also need the following result: Lemma 5.5. Let M be a finitely generated D(R)-module. Then Ass R M is a finite set.
Proof. Let I be an ideal in R. Set
The following is a standard argument for proving finiteness of associate primes of modules which are Noetherian over a ring of Differential operators, for instance see [9] . We give it here for the convenience of the reader.
We claim there is a finite filtration of M by
has only one associated prime for j = 1, . . . , s. For let P 1 be a maximal element in the set of the associated primes of M . Then Γ P1 (M ) is non-zero and has only one associated prime, namely, P 1 . Set . Let −c ∈ Z is a lower bound negative integer root of b h (z). Then it is easy to verify that S h is generated as a D(S)-module by h −c , see [1, p. 460 ]. If h ∈ S is in fact a polynomial then −n is a lower bound for the roots of b h (z), see [16] . Set bs(h) to be the smallest negative integer root of b h (z).
Set m = (X 1 , . . . , X n ) and if h ∈ S is non-zero then set
This is a non-negative integer, since by Krull's intersection theorem we have ∩ r≥1 m r = 0. We now state our next: I believe that to answer this question it suffices to consider the case K = C, the complex numbers. Motivated by this we make our final Proof. Let n be a maximal ideal of R. As R is a domain we have ∩ i≥1 n i = 0, see [12, 8.10(ii) ]. Let h ∈ R be non-zero. Then v n (h) = max{i | h ∈ n i } is a non-negative integer.
We now Claim-1: The set V (h) = {v n (h) | n a maximal ideal of R} is bounded above.
Proof of Claim-1: Suppose if possible Claim-1 is not true. Then for any positive integer i there exists a maximal ideal n i with v ni (h) ≥ i.
As R is the localization of a complete local ring it is excellent. So by [6] there exists c > 0 such that
) for all j ≥ c and for all maximal ideals n of R.
Choose n i with v ni (h) > c + 2. Then we have
. It follows that there exists ξ ∈ n i with (1 − ξ)(h) = 0. As R is a domain and h = 0 this forces 1 − ξ = 0 and so ξ = 1 ∈ n i . This is a contradiction. Thus Claim-1 is true.
Let m be an upper bound for V (h). As we are assuming that Question 5.8 has an affirmative answer we get that there exists c > 0 such that K(m) ≤ c for any field K of characteristic zero.
Consider the the following ascending chain
Let n be a maximal ideal of R. We localize F at n to get the ascending chain F n . We then tensor it with R n , the completion of R n , to get the ascending chain F n . Set
. Let D( R n ) be the ring of κ(n)-linear differential operators on R n . Then by [3, Chapter 3, Lemma 1.5] we get that
and we also get that F n is an ascending chain of D( R n )-submodules of ( R n ) h . It follows from 5.6 that F n stablizes at level c. As the map R n → R n is faithfully flat we get that F n stablizes at level c.
We have shown that F n stablizes at level c for any maximal ideal n of R. It follows that F stablizes at level c. Therefore R h is generated as a D(R)-module by 1/h c . In particular R h is finitely generated as a D(R)-module.
examples
In this section we show that for each d ≥ 1 there exist infinitely many examples of regular rings which satisfy our hypothesis 1.1. For simplicity we will assume that k is an algebraically closed field of characteristic zero.
Let n ≥ 2 be a positive integer and let ζ be a primitive n th -root of unity and let G =< ζ i : 0 ≤ i ≤ n − 1 >. Then G acts on both Q and S with the action x i → ζx i . Let B = Q G and A = S G . Note that B ∼ = Q <n> the n th Veronese subring of Q and that A = B the completion of B at it's irrelevant maximal ideal. As Proj(B) is smooth we get that A is an isolated singularity. It is well known that Cl(B), the class group of B is Z/nZ. As Proj(B) is smooth and dim B = d + 1 ≥ 3 we get that B satisfies R 2 property of Serre. So by a result of Flenner, Cl(A) ∼ = Cl(B).
it is well-known that f is irreducible in Q. Note f ∈ A. Let m be the maximal ideal of S. If T is a quotient ring of S then set G(T ) = n≥0 m n T /m n+1 T the associated graded ring of T with respect to its maximal ideal mT . Note G(S/f S) ∼ = G(S)/f G(S) = Q/f Q which is a domain. So S/f S is a domain. In particular f S is a prime ideal in S. As f A = f S ∩ A we get that f A is a prime ideal in A.
Set R n,d = A f . By the localization sequence of class groups we have Cl( Remark 6.6. The Grothendieck groups of all simple singularities is known, see [17, 13.10] . We will only need the following fact: Let A be an A n singularity of dimension l. Then Remark 6.8. The point of this section was to show that there exists infinitely many non-isomorphic regular rings satisfying our hypothesis 1.1. I believe that the examples given above is only a tip of the iceberg. There should be many more examples. However I do not know how to prove they are non-isomorphic.
Remark 6.9. The reason why the above remark is pertinent is due to a related result which we now describe. Let S = n≥0 S n be a standard graded algebra over an uncountable algebraically closed field k = S 0 with Proj(S) smooth. Then there exists an uncountable family {f α | α ∈ Γ} of homogeneous elements of positive degree with S α ≇ S β for α, β ∈ Γ and f α = f β . This follows from a result in [8] .
